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Semivalues like the Shapley value and the Banzhaf value may assign the same payoff
vector to different games. Itis even possible that two games attain the same outcome for all
semivalues. Due to the linearity of the semivalues, this exactly occurs in case the difference
of the two games is an element of the kernel of each semivalue. The intersection of these
kernels is called the shared kernel, and its game theoretic importance is that two games can
be evaluated differently by semivalues if and only if their difference is not a shared kernel
element.

The shared kernel is a linear subspace of games. The corresponding linear equality
system is provided so that one is able to check membership. The shared kernel is spanned
by specific{—1, 0, 1}-valued games, referred to as shuffle games. We provide a basis with
shuffle games, based on an a-priori given ordering of the players.
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1. INTRODUCTION

Semivalues were introduced by Dubey, Neyman and Weber in 1981 and recon-
sidered by Weber in 1988, and Carreras and Freixas in 1999 among many other
authors. They represent a natural generalization of both the Shapley value (Shap-
ley, 1953) and the Banzhaf value (Owen, 1975). The semivalues form a subset of
the so called probabilistic values. These values evolve from a probabilistic pay off
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process where each of the players possesses a probabilistic distribution over the
coalitions he is member of. If according to this distribution a coalition is chosen
then the payoff to the player is the marginal contribution of that player to the cho-
sen coalition. The corresponding probabilistic value is obtained as the expected
payoff of the players.

Interesting probabilistic values are the weighted semivalues, where each of the
probability weights is a product of a player dependent weight and a coalition depen-
dent weight (Calvo and Santos, 1999), and the semivalues, where the probability
weights are only dependent on the coalition size.

The probabilistic values form a wide family of solutions. One indication of its
largeness is the dimension of the corresponding parameter space, and its ability
to reveal differences among games. It is easily shown, for example, that for any
two different games there is a weighted semivalue with different payoff vectors
for these games.

The family of semivalues, however, does not have this property. It may happen
that different games attain the same payoff vector, whatever semivalue is chosen.
This aspect of inseparability is examined here. Due to the linearity property of the
semivalues inseparability between two different games exactly occurs in case the
difference of the two games is an element of the intersection of the kernels of all
semivalues. This is a linear subspace of games which we call the shared kernel.
We show that its dimension &* — n? + n — 2, with n denoting the number of
players. The corresponding linear equality system is provided so that one is able
to check membership. The shared kernel is spanned by speeifi®, 1}-valued
games, referred to as shuffle games. We provide a basis with shuffle games, based
on an a-priori given ordering of the players.

2. PRELIMINARIES

A cooperativegame with transferable utility or TU-game is a pdilV, v), orv
for short, whereV is a finite set ofplayers andv : 2 — R is the so called
characteristic function, which assigns to evergoalition S C N a real number
v(5), thegain orworth of coalition.S, and satisfies the natural conditioff)) = 0.

With G x we denote the set of all cooperative gameshonlt is an2™ — 1-
dimensional Euclidean vector space, witlthe cardinality,| V|, of the player
set.

For a non empty coalitio§ C N, theunity game 1 g is defined as follows:

1 fT=5
15(T) =
s(T) {0 otherwise.

The2™ — 1 unity games form a basis of the vector spéte.
The payoff vector spaceR” is also called thellocation space. A function
Y : Gy — RV is called asolution; it represents a method to measure the
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negotiation strength of the players in the game. It can also be interpreted as an
evaluation method for participation in the game.

Well studied solutions are the probabilistic values. j.ef ((pg,)TgN,Tai)ieN
be a collection of probability distributions, for each player one (so, the weights
are non-negative anl, ;. y, ;P = 1 foreachi € N). Consider the following
probabilistic payoff procedure, say in the ga@é v): each playet, after choos-
ing a coalitionS in accordance with his probability distributigsf, is paid his
marginal contribution(S) — v(S\{7}). Then the expected payoff to the players
is called theprobabilistic value ¢)?:

Yl= Y ph[u(S) —w(S\{i})],  ieN.

SCN,icS

Well known solutions like the Shapley value and the Bhanzaf value are probabilistic
values. In the case of the Bhanzaf value each coalition has an equal probability
to be chosen, namely/ (27~1). In the case of the Shapley value coalitions of the
same size have equal probability, and each size is chosen with the same probability,
yielding probabilityl /(n ("~})) for a coalition of sizes.

A probabilistic value corresponding to a weight system where coalitions of the
same size have equal probability is callesbaivalue. This family of solutions is
obviously parameterized by the weight systems (p)"_, for which

° -1
(” 1)pszl, andp, >0,1< s <n. (1)
>
s=1

hold. Due to the fact that in a semivalue the equal sized coalitions are treated
equally one might suggest that the mean worths of equal sized coalitions play a
dominant role in the determination of the semivalue of a game. This is indeed the
case as we will show now. For mathematical convenience we will use the notion
of total accumulated worth in stead of the similar notion of mean worth.

For any cooperative gamee G y we define the following amounts:

a; s(v) = Z v(S) foralli € N andl < s < n.
S34,|S|=s

a; s denotes the total worth, accumulated over all coalitions of siz®ntaining
playeri (see Dragan, 1992, for an application in the context of the Shapley value).

ProposiTION 2.1. For the computation of the semivalues of a game v only
theworthsa; s(v),i € N and1 < s < n, are needed.
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Proof. For the semivalug? with coeficientg, ps, . .., pn, We have

pilo] = Y ps [0(S) — v(S\{i})]
SET

= po({i)+ > ps| D v(S) = D w(S\{i}
s=2 S$3i,|S|=s S$3i,|S|=s

= plai,l(v)—kZps a; s(v) — Z v(S)]
5=2 . S¥i,|S|=s—1

= paii(v) + Y _pslais@) = Y o)+ Y U(S)l
s=2 |S|=s—1 S$3i,|S|=s—1

= praii(v) + > pe|ais(v) + @i (v) - . i 1 Zaj,s_1(v)] (2

This proves the Proposition]

3. THE SHARED KERNEL

We say that two games v’ € G areinseparable by semivalues, and write
v ~v', ifand only ify)[v] = ¢[v'] for every semivalug onG y. The game space
is therefore divided into equivalence classes, i.e., maximal sets of games for which
all semivalues attain the same outcome.

Semivalues are linear functions on the game space, so that' if, and only
if, the game differencey — v’, attains the zero payoff vector in all semivalues.
Consequently, inseparability is directly related to the class of game§ n such
that«[v] = 0 for every semivalue defined onG y. We denote this set witd'y
and call it theshared kernel since it equals the intersection of the kernels of all
semivalues. Because of the linearity of the semivaltigss a linear subspace of
Gn.

Given a game € Gy the set of all the semivalues of this game is a convex
subset oR”, as can be deduced easily from (1) and (2). Obviously, this allocation
set coincides with the corresponding set of any game in the equivalence class of
v. The converse, however, is not true as the following example shows.

Let N = {1,2,3} andv,w € Gy be given by’l) = 1{1} + 1{2} + 1{3},
andw = 1y. One easily derives from (2) that both games have the same set of
semivalues: the convex hull of the zero payoff vector éhd, 1). v andw do
not belong to the same equivalence class, however, since for example the Shapley
value ofv — w does not equal the zero payoff vector.
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The equations in (2) provide us a method to determine whether a game is an
element of the shared kernel, and thereby a method of determining inseparability
between games.

ProrosiTioN 3.1. Thegamewv € G n belongstothesharedkernel Cy if, and
only if,

a;s(v) =0 foralli e Nand1l < s <n.

Proof. The 'If*-part follows directly from the fact that ifs; ;(v) = 0 for all
i € N andl < s < n, then (2) implieap;[v] = 0foralli € N.

To prove the 'Only if’-part assume that?[v] = 0 for all semivalues)?. Let
1® denote the semivalue with weight system

1
pszma

s—1

p: = 0 otherwise.

Then, fori € N, we have) = ¢! [v] = a;1(v) and, for anys such tha < s < n,

n

1
ai,s(v) + a'i,s—l('U) - m Z aj,s_l(v) =0

j=1
sincey?f[v] = 0. Itis easy to see that these equalities imply that(v) = --- =
a;n(v) =0forallie N. |

COROLLARY 3.1. Two gameswv,v’ € Gy are inseparable by semivalues if,
andonly if, a; s(v) = a; s(v') foralli € Nand1 < s <mn.

THEOREM 3.1. The dimension of the shared kerndl is 2" —n? +n — 2.

Proof. Then restrictionsa; ,(v) = 0, for1 < i < n, are equivalent to the
single conditiorv(N) = 0; thus, a total ol(n — 1) + 1 restrictions appear that
affect the components of the vectors of the space of g@meswhose dimension
is 2™ — 1. Then, it will be enough to prove that these restrictions are linearly
independent equations to affirm that

dimCy =2"-1-[n(n—1)+1]=2"—-n>+n—2.

In order to verify the linear independence of the restrictions, we put together
these restrictions according to the cardinality of the coalitions to which they affect:

a;1(v) =0forl <i<n;...;a;p1(v) =0for1 <i<n; o(N)=0.
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As is obvious, any restriction concerning a specific cardinality is independent
of all other restrictions affecting to different cardinalities.

The restrictions corresponding to a given cardinaliff < s <n —1) forma
system ofn linear equations witt{") unknowns. We need to determine the rank
of the matrixB = (b; s) wherei ranges over all players, arftiranges over all
coalitions of cardinality, with b; s = 1 if ¢ € S and 0 otherwise.

We choose the columns corresponding to the following coalitions: the consecu-
tive coalitions withfirstplayet, 2, . .., n—s—1, all coalitions with first playen— s
and the consecutive coalition with first player s+1. The determinant of this sub-
matrix is (—1)"(s/2) s, thus the rank oB is n and this guarantees the linear inde-
pendence of the restrictions that affect to each one of the coalition cardinalities, for

1<s<n-1. 1]

For each coalition cardinality, fromton — 1, n independent linear restrictions
appeatr, so that the freedom degrees turn out to be

Cardinality s=1 S=92 .- s=m—-2 s=n—-1 s=n
freedom , N . R
degrees ()-n=0 (5)-n - (2)-n (,2)-n=0 1-1=0

For cardinalitied, n — 1 andn, the number of independent restrictions agrees
with the number of unknowns, so that the only solution is the null solution. The
sum of all freedom degrees will give the dimension of the shared kernel:

dich:nZZKD —n] :5(2) —(n—3m=2"—n?+n-2.

s=2 s=2

For small values of,, we have

n 2 3 4 5 6 7
dim Cn 0 0 2 10 32 84
dim G n 3 7 15 31 63 127

Then, forn = 2 andn = 3 all cooperative games are separable by semivalues
whereas, for cardinality > 4, the shared kernel is a linear subspacé/gf and
its supplementaries have dimensioh— n + 1.

Let us call the number of coalitions with non-zero worth in a gartreecaliber
of v. The caliber of a game in the shared kernel is either O (the all zero game)
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or at least 4. To show this, let € C'x with caliber unequal to 0, say coalition

S has worth unequal to zero. Létc S be a member of, ands = |S|. From
a;s(v) = 0 we derive that there is another coalition, s&y with sizes and
containing: and withv(S') # 0. Take a playej € S’\S. Froma;(v) = 0

we again derive the existence of a coalition, §dy with sizes, containingj and

with v(S”) # 0. Now suppose these three different coalitions are the only ones
with nonzero worth i. From0 = >, ai s = s(v(S) +v(S") +v(S")) and

0 =a;s(v) =v(S") +v(S") we must conclude that(.S) = 0; a contradiction.

4. A BASISFOR THE SHARED KERNEL

In the following we consider the cardinality of the player 8&to be at least 4,
n > 4. For a given coalitior§ C N and players,j € S andk,l € N\S, we
define theshufflegame v ; ;. x.1 as

vs,i gkt = s + Lsugea\ (i — Lsugepgir — Lsupn g -

If v € G is a shuffle game, it is evident thaf ;(v) = 0 for1 <4 < n and

1 < s < n. According to Proposition 3.1, we may conclude thas an element

of the shared kernel, i.e., the shuffle games are contained in the shared kernel.
Loosely speaking, there are no other games:

TuEOREM 4.1. The shared kernel is spanned by shuffle games.

To ease the mathematical argumentation in the proof of the Theorem we assume,
without loss of generalization, that the players are ordeféd= {1,2,...,n}.
We can therefore speak of a last and a first player in a coaftjatenoted by(.S)
andf(S). Further, we say that a player is absent in a coalition if he is positioned
between the first and last player of that coalition but is not a member. Consecutive
coalitions denote coalitions without absent players.

For coalitionsS with I(S) > |S| + 2, we call the last player, not i, but
positioned right beforé(.S), f'(S), and the second last playg(S). For these
coalitionsS, i. e.,|S| > 2 andi(S) > |S| + 2, we consider the shuffle game

Vs = Vs, £(5),1(S), £/ (), () =L T Lsugs(s),0(S)I\{£(5),1(5)}
= Lsugrsynirs)r — Lsuqr(s)nus)y -

The choice of this shuffle game is such that we can write a unity damehere
coalition S has 2 or more absent players, as a weighted sum consisting of the
shuffle game s and three unity games corresponding to coalitions with less absent
players than ir§. In particular, for a coalitiorb with only one absent player, and
1(S) > |S| + 2, we see that s is a weighted sum consisting of the shuffle game
vs, the unity game corresponding to the consecutive coalition with cardiné|ity

and first playerf(S) + 1 and two unity games corresponding to coalitions with
only one absent player but where last playd() — 1.
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Since a game is a weighted sum of unity games we conclude from the previous
arguments that it can be written as a weighted sum of shuffle games and unity
games, both corresponding to consecutive coalitions or coalifidmsving only
one absent player ari@lS) = |S| + 1. In other words, any gamecan be written
as the sum of a game from the span of the shuffle games and a rest:¢avita
the property that*(S) # 0implies thatS has no absent player, or only one absent
player and last playgiS| + 1.

Proof. (Theorem4.1) Now, letv be a member of the shared kernel. The resulting
rest-gamey* should also be a member, due to the fact that the shared kernel is a
linear subspace. Therefore

a; s(v*) = Z v*(S)=0 forl<i<mnandl <s<n. (3)
S34,|S|=s

We will prove that this implies that* can only be the all-zero game.
We distinguish three cases (where the first two applies to any game in the shared
kernel).

e Applying the cases = 1 ands = n, it follows immediately that *-values
of the one-person coalitions and the grand coalifibare zero.
e Consider now the case=n — 1. We have

> v (N\{j})=0 forallieN,
J#i

and this is only possible if*(N\{j}) = 0forall j € N.

e Consider the remaining cardinalitiés< s < n — 1. A coalition S with
|S| = s and non-zero values in* is either consecutive or the coalition has one
absent player ant{S) = s + 1 < n. Therefore the only possible coalitions of
sizes, containing one of the playeks+ 2,...,n, and non-zero valued in*, are
the consecutive ones. There is only one such coalition containisg that by (3)
this coalition is zero valued in*. One easily shows by induction that also other
consecutive coalitions containing one of the playets1, ..., n are zero valued.

The only coalitions left to examine are the ones with cardinaléyd last player
smaller than or equal to+ 1. Similarly to the case = n — 1 one may conclude
that these coalitions are also zero valuedin

So we end up with an all-zero gamé, implying that the shared kernel is spanned
by the shuffle games]

Observe that we only used the gamgs = v, ¢(s),i(s),/(s),r"(s) as defined
above with respect to a given ordering. We actually used the ones corresponding
to coalitionsS with cardinality s between 2 ana, — 2, and having at least two
absent players, or with one absent player and last player egsat thor larger.
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The total number of used shuffle games2ite- 1 minus the number of coalitions
that do not match the above description. These are:

e all coalitions of size 1p-1, andn (total of 2n + 1);

e all consecutive coalitions of size between 2 and 2 (total of (n — 1) + (n —

2) +...+3);

e all coalitions of sizes between 2 and — 2, with one absent player and last
player equal ta + 1 (total of 1 + 2 + ... + (n — 3)).

Adding these numbers we arrive at a totaef+ 1 + (n — 3)n = n? —n + 1,
concluding that we have us@® — 1 — (n? — n + 1) shuffle gamews or less
in the above derivation of the rest gam&. This (maximal) number equals the
dimension of the shared kernel so that we may conclude that

TuEOREM 4.2. The shuffle games v, as defined above, for coalitions S with
size s between 2 and n — 2, having at least two absent players, or with one absent
player and last player equal to s + 2 or larger, form a basis of the shared kernel.
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